Abstract. Let g be a finite dimensional simple Lie algebra over and algebraically closed field K of characteristic 0. Let g Z be a Chevalley Z-form of g and g k = g Z ⊗ Z k, where k is the algebraic closure of F p . Let G k be a simple, simply connected algebraic k-group with Lie(G k ) = g k . In this paper, we apply recent results of Rudolf Tange on the fraction field of the centre of the universal enveloping algebra U (g k ) to show that if the Gelfand-Kirillov conjecture (from 1966) holds for g, then for all p ≫ 0 the function field k(g k ) on the dual space g k is purely transcendental over its subfield k(g k ) G k . Very recently, it was proved by Colliot-Thélène-Kunyavskiȋ-Popov-Reichstein that the function field K(g) is not purely transcendental over its subfield K(g) g provided that g is of type B n , n ≥ 3, D n , n ≥ 4, E 6 , E 7 , E 8 or F 4 . We prove a modular version of this result (valid for p ≫ 0) and use it to show that, in characteristic 0, the Gelfand-Kirilov conjecture fails for the simple Lie algebras of the above types. In other words, if g of type B n , n ≥ 3, D n , n ≥ 4, E 6 , E 7 , E 8 or F 4 , then the Lie field of g is more complicated than expected.
1. Introduction and preliminaries 1.1. Let K be an algebraically closed field. Given a Lie algebra L over K we denote by U(L) the universal enveloping algebra of L. Since U(L) is a Noetherian domain, it admits a field of fraction which we shall denote by D(L). Let A r (K) denote the r-th Weyl algebra over K (it is generated over K by 2r generators u 1 , . . . , u r , v 1 , . . . , v r subject to the relations [u i , u j ] = [v i , v j ] = 0 and [u i , v j ] = δ ij for all i, j ≤ r). Given a collection of free variables y 1 , . . . , y s we define Being a Noetherian domain the algebra A r,s (K) also admits a field of fractions denoted D r,s (K).
In [19] , Gelfand and Kirillov put forward the following Hypothèse fondamentale:
The Gelfand-Kirillov conjecture. If char(K) = 0 and L is the Lie algebra of an algebraic K-group, then D(L) ∼ = D r,s (K) for some r, s depending on L.
If the Gelfand-Kirillov conjecture holds for L, then necessarily
where Z(D(L)) is the centre of D(L); see [32] for more detail.
In [19] , the conjecture was settled for nilpotent Lie algebras, sl n and gl n . In 1973, the conjecture was confirmed in the solvable case independently by Borho [7] , Joseph [22] and McConnell [28] . In 1979, Nghiem considered the semi-direct products of sl n , Mathematics Subject Classification (2000 revision). Primary 17B35. Secondary 17B20, 17B50.
sp 2n and so n with their standard modules and proved the conjecture for those; see [30] .
1.2.
A breakthrough in the general case came in 1996 when Jacques Alev, Alfons Ooms and Michel Van den Bergh constructed a series of counterexamples to the conjecture, focusing on semi-direct products of the form L = Lie(H) ⋉ V where H is a simple algebraic group and V is a rational H-module admitting a trivial generic stabilizer (V is regarded as an abelian ideal of L). The smallest known counterexample is the 9-dimensional semi-direct product of sl 2 with a direct sum of two copies of the adjoint module. In [2] , Alev, Ooms and Van den Bergh proved that the conjecture holds in dimension ≤ 8.
However, despite considerable efforts the validity of the Gelfand-Kirillov conjecture in the case of a simple Lie algebra L ∼ = sl n remained a complete mystery until now. It suffices to say that the answer is unknown already for L = sp 4 . A weaker positive result in the case of L simple was obtained by Gelfand and Kirillov in 1968 . They proved in [20] that there exists a finite field extension (dim L − l). It is conjectured in [1] that such a weakened version of the conjecture should hold for any algebraic Lie algebra L. At the opposite extreme, it was proved in [15] for L simple that the obvious analogue of the GelfandKirillov conjecture holds for the fraction fields of the largest primitive quotients of U(L).
1.3.
As the author first learned from Jacques Alev, the Gelfand-Kirillov conjecture makes perfect sense in the case where the base field K has characteristic p > 0 (there is no need to make any changes in the formulation as all objects involved exist in any characteristic). In principle, the problem can be stated for any finite dimensional restricted Lie algebra, but in what follows I am going to focus on the case where L = g p is the Lie algebra of a simple, simply connected algebraic K-group G p .
The Lie algebra g p = Lie(G p ) carries a canonical p-th power map x → x [p] equivariant under the adjoint action of G p . The elements x p − x [p] with x ∈ g generate a large subalgebra of the centre Z(g p ) of the universal enveloping algebra U(g), called the p-centre of U(g p ) and denoted Z p (g). It follows from the PBW theorem that U(g p ) is free module of finite rank over Z p (g p ). Let Q(g p ) denote the field of fractions of Z(g p ). It is well known that under very mild assumptions on G p one has that
where n = dim g p and l = rk G p ; see [42, 26] for more detail.
It is known (and easily seen) that if the Gelfand-Kirillov conjecture hold for g p , then the field Q(g p ) is purely transcendental over K and the order of the similarity class of D(g p ) in the Brauer group Br(Q(g p )) equals p; see [33, 3] for more detail. At the Durham Symposium on Quantum Groups in July 1999, Alev asked the author whether the field Q(g p ) is purely transcendental over K. The question was, no doubt, motivated by the Gelfand-Kirillov conjecture.
In [33] , Rudolf Tange and the author answered Alev's question in affirmative for g p = gl n and for g p = sl n with p ∤ n. Using our result Jean-Marie Bois was able to confirm the modular Gelfand-Kirillov conjecture in these cases; see [3] . Recently, Tange [37] solved Alev's problem for any simple, simply connected group G p subject to some (very mild) assumptions on p. In [37] , he also proved that the centre Z(g p ) is a unique factorisation domain, thus confirming an earlier conjecture of BraunHajarnavis; see [8, Conjecture E].
1.4.
Let g be a characteristic 0 counterpart of g p , a simple Lie algebra which has the same root system as G p . Although proving the Gelfand-Kirillov conjecture for g p would probably have little impact on its validity for g (apart from some heuristic evidence), it turns out that disproving the conjecture for g p for almost all p is sufficient for refuting the original conjecture for g.
In what follows we assume that K is an algebraically closed field of characteristic 0 and denote by k the algebraic closure of the prime field F p . We let g Z be a Chevalley Z-form associated with a minimal admissible lattice in g and set g k := g Z ⊗ Z k. Then g ∼ = g Z ⊗ Z K and g k = Lie(G k ) for some simple, simply connected algebraic k-group G k of the same type as g.
In Section 2 we prove a reduction theorem which states that if the Gelfand-Kirillov conjecture holds for g, then it holds for g k for almost all p. In Section 3, we apply Tange's results [37] to show that if the modular Gelfand-Kirillov conjecture holds for g k , then the field k(g k ) of rational functions on g k is purely transcendental over the field of invariants k(g k ) G k . Incidently, it was recently proved by Jean-Lois Colliot-Thélène, Boris Kunyavskiȋ, Vladimir Popov and Zinovy Reichstein that if the function field K(g) is purely transcendental over the field of invariants K(g) g , then g is of type A n , C n or G 2 ; see [13, Thm. 0.2(b) ]. In Section 4, we prove a modular version of this result valid for p ≫ 0. As a consequence, we obtain the following: Theorem 1.1. Let g be a finite dimensional simple Lie algebra over an algebraically closed field K of characteristic 0. If D(g) ∼ = D r,s (K) for some r, s, then g is of type A n , C n or G 2 .
This shows that the original Gelfand-Kirillov conjecture does not hold for simple Lie algebras of types B n , n ≥ 3, D n , n ≥ 4, E 6 , E 7 , E 8 and F 4 . It seems plausible to the author that the conjecture does hold for simple Lie algebras of type C. The supporting evidence for that comes from [13, Thm. 0.2(a)] which says that in type C the field K(g) is purely transcendental over its subfield K(g) g . Some of the results obtained in [30] might be useful for proving the conjecture in type C. 2. The Gelfand-Kirillov conjecture and its modular analogues 2.1. In this paper we treat the Gelfand-Kirillov conjecture as a noncommutative version of a purity problem for field extensions. In order to reduce it to a classical purity problem, as studied in birational invariant theory, we seek a passage to finite characteristics. As a first step, we make a transit from g to g k ensuring in advance that the validity of the Gelfand-Kirillov conjecture for g implies that for g k . Since U(g k ) is a finite module over its center Z(g k ), the field of fractions D(g k ) is a finite dimensional central division algebra over the fraction field Q(g k ) of Z(g k ). This enables us to apply recent results of Tange [37] on the rationality of Q(g k ) to reduce the original problem about the structure of D(g) to the purity problem for the field extension
2.2.
In this subsection we prove our reduction theorem: 
for some nonzero polynomials P i , Q i in w 1 , . . . , w 2N with coefficients in Z(g) (here (3) follows from the fact that the monomials w
2N with a i ∈ Z + form a basis of the k-subalgebra of D(g) generated by w 1 , . . . , w 2N ). Since
, we can rewrite (1) and (2) as follows
As the nonzero elements of U(g) form an Ore set, there are nonzero elements
Thus we can rewrite (4), (5) and (6) in the form
By the same reasoning, there exist nonzero elements
Since
, it is straightforward to see that (8) and (9) can be rewritten as
Write
We now put (1), . . . , i(r)} be the set of all tuples as above with
It is well known that Z(g), the centre of U(g), is freely generated over K by l = rk g elements ψ 1 , . . . , ψ l ∈ U(g Z ). Moreover, for p ≫ 0 the invariant algebra U(g k ) G k ⊂ Z(g k ) with respect to the adjoint action of G k is freely generated over k by ψ 1 , . . . , ψ l , the images of
We can write
Multiplying both sides of (15) by v i(1) on the left and by d i(1),k on the right we obtain (after applying (16) and (17) with s = 1) that
Multiplying both sides of this equality by v i (2) (1) on the left and by d i (2); k (1) on the right and applying (16) and (17) with s = 2 we get
Repeating this process r times we get rid of all denominators and arrive at the equality
(at the ℓ-th step of the process we multiply the the preceding equality by v i(ℓ) (ℓ − 1) on the left and by d i(ℓ); k (ℓ − 1) on the right and then apply (16) and (17) with s = ℓ).
(B) In part (A) we have introduced certain nonzero elements
in U(g) with i, j, k, s, i(j), ℓ ranging over finite sets of indices. These elements satisfy algebraic equations (7), (10), (11), (12), (13), (14), (16) and (17) . We have also introduced, for 1 ≤ k ≤ r, two nonzero finite collections of scalars {λ j,k (a 1 , . . . , a l )} and {µ j,k (a 1 , . . . , a l )} in K linked with the elements (19) by equation (18) .
The procedure described in part (A) shows that the above data can be parametrised by the points of a locally closed subset of an affine space A Suppose the Gelfand-Kirillov conjecture holds for g. Then there exists x ∈ X(K) such that g(x) = 0 for some g ∈ G. We set X := {x ∈ X | g(x) = 0}, a nonempty principal open subset of X. As X is an affine variety defined over the algebraic closure Q of the field of rationals, we have that X(Q) = ∅. Hence there is a finitely generated Z-subalgebra A of Q for which X(A) = ∅. There are an algebraic number field K and a nonzero
, where O K denotes the ring of algebraic integers of K. Since the map Spec(O K ) → Spec(Z) induced by inclusion Z ֒→ O K is surjective, it must be that X(k) = ∅ for every prime p ∈ N with p ∤ d (recall that k stands for the algebraic closure of F p ).
(C) When X(k) = ∅, we can find nonzero elements
satisfying (7), (10), (11), (12), (13), (14), (16), (17) and nonzero collections of scalars {λ j,k (a 1 , . . . , a l )} and {µ j,k (a 1 , . . . , a l )} in k for which the modular version of (18) holds. As all steps of the procedure described in part (A) are reversible and the nonzero elements of U(g k ) still form an Ore set, this enables us to find w 1 , . . . , w 2N ∈ Frac U(g k ) and nonzero polynomials P 1 , . . . , P n and Q 1 , . . . , Q n in w 1 , . . . , w 2N with coefficients in the invariant algebra U(g k ) G k for which the modular versions of (1), (2) and (3) hold. Since the images of x 1 , . . . , x n in g k generate Frac U(g k ) as a skew-field, applying [3, Lem. 1.2.3] shows that the Gelfand-Kirillov conjecture holds for g k for all p ≫ 0.
3. The Gelfand-Kirillov conjecture and purity of field extensions 3.1. In this section we investigate the modular situation under the assumption that p ≫ 0. We are going to apply recent results of Rudolf Tange [37] on the Zassenhaus variety of g k to show that if the Gelfand-Kirillov conjecture folds for g k , then the field
To explain Tange's results in detail we need a geometric description of the Zassenhaus variety of g k . We follow the exposition in [37] very closely.
Recall that the Zassenhaus variety Z of g k is defined as the maximal spectrum of the centre Z(g k ) of U(g k ). The Lie algebra g k = Lie(G k ) carries a natural p-th power map x → x
[p] equivariant under the adjoint action of G k . We denote by Z p (g k ) the p-centre of U(g k ); it is generated as a k-algebra by all η(x) := x p − x [p] with x ∈ g k . It follows easily from the PBW theorem that Z p (g k ) is a polynomial algebra in η(x 1 ), . . . , η(x n ) and U(g k ) is a free Z p (g k )-module of rank p n . This implies that Z(g k ) is is a Noetherian domain of Krull dimension n = dim g k , thus showing that Z is an irreducible n-dimensional affine variety. By an old result of Zassenhaus [42] , the variety Z is normal.
3.2.
To ease notation we often identify the elements of g Z with their images in g k = g Z ⊗ Z k. Recall that B = {x 1 , . . . , x n } is a Chevalley basis of g Z . Then there is a maximal torus of T ⊂ G defined and split over Q, such that
where Φ is the root system of G with respect to T and Π is a basis of simple roots in Φ (we adopt the standard convention that h α = (dα ∨ ) (1) where dα ∨ is the differential at 1 of the coroot α ∨ : k × → T , and e α is a generator of the Z-module g Z ∩ g α , where g α is the α-root space of g with respect to T ).
Set t := Lie(T ) and denote by T k the maximal torus of G k obtained from T by base change. Set t k := Lie(T k ), and identify the dual space t * k with the subspace of g * k consisting of all linear functions χ on g k with χ(e α ) = 0 for all α ∈ Φ. We write X(T k ) for the group of rational characters of T k and denote by W the Weyl group
The induced dot action of W on S(t k ) has the property that s α • t = s α (t) − α(t) for all t ∈ t k and α ∈ Π. There exists a unique algebra isomorphism γ :
such that γ(t) = t − ρ(t) for all t ∈ t k . The dot action of W is related to natural action of W on S(t k ) by the rule w • = γ −1 • w • γ for all w ∈ W , which gives rise to an isomorphism of invariant algebras γ :
as vector spaces. Write S + (g k ) and U + (g k ) for the augmentation ideals of S(g k ) and U(g k ), respectively, and denote by Ψ (resp.,Ψ) the linear map from S(g k ) onto S(t k ) (resp.,
, where x 0 is the scalar part of x ∈ S(g k ) (resp., x ∈ U(g k )) with respect to the decomposition S(g k ) = k1 ⊕ S + (g k ) (resp., U(g k ) = k1 ⊕ U + (g k )). Note that the map Ψ is an algebra epimorphism and so is the restriction ofΨ to U(g k )
T k . For g ∈ G k , x ∈ g k , χ ∈ g * k we write g · x for (Ad g)(x) and g · χ for (Ad * g)(χ). Since p ≫ 0, the Chevalley restriction theorem holds for g k , that is, the restriction of Ψ to S(g k ) G k induces an isomorphism of invariant algebras
As p is large, we can argue as in the proof of Proposition 2.1 in [39] to deduce that the restriction ofΨ to
(in fact, this holds under very mild assumptions on p; see [26, Lem. 5.4]).
3.3.
As the Killing form κ of g k is nondegenerate for almost primes p, we may identify the G k -modules g k and g * k by means of Killing isomorphism κ :
k and x = x s + x n is the Jordan-Chevalley decomposition of x in the restricted Lie algebra g k , then we define χ s := κ(x s , · ) and χ n := κ(x n , · ). We call χ s and χ n the semisimple and nilpotent part of χ. Denote by (t k ) reg the set of all regular elements of t and put (t * k ) reg := κ (t k ) reg . The elements of (t * k ) reg are called regular linear functions on t. Note that χ ∈ (t * k ) reg if and only if χ = κ(t, · ) for some t ∈ t k whose centraliser in g k equals t k . It follows that χ ∈ (t * k ) reg if and only if χ(h α ) = 0 for all α ∈ Φ. In view of [36, Cor. 2.6], this implies that χ ∈ (t * k ) reg if and only if the stabiliser of χ in W is trivial. As a consequence, Z G k (χ) = T k for every χ ∈ (t * k ) reg . Denote by (g k ) rs the set of all regular semisimple elements of g k . Since every semisimple element of g k lies in the Lie algebra of a maximal torus of G k and all maximal tori of G k are conjugate, we have the equality (g k ) rs = G k · (t k ) reg ; see [24, § 13] or [5, 4.5] . We set (g * k ) rs := κ G k · (t k ) reg and call the elements of (g * k ) rs regular semisimple linear functions on g k . Now defineH := α∈Φ h α , an element of S(t k ) W , and pick H ∈ S(g k ) G k such that Ψ(H) =H. It is well known (and easy to see when p ≫ 0) that for all χ ∈ g * k and
k ) reg and χ ∈ (t * k ) reg if and only ifH(χ) = 0, the G k -conjugacy of maximal toral subalgebras of g k implies that
The Weyl group W acts on the affine variety (G k /T k ) × (t * k ) reg by the rule w(gT k , λ) = (gw −1 T k , w(λ)) and this action commutes with the left regular action of G k on the first factor. It follows from [4, Prop. II. 6.6 and Thm. AG. 17 .3] that the coadjoint action-morphism gives rise to a G k -equivariant isomorphism of affine algebraic varieties
rs ; see [37, 1.3 ] for more detail.
For a vector space V over k the the Frobenius twist V
(1) is defined as the vector space over k with the same underlying abelian group as V and with scalar multiplication given by λ · v := λ 1/p v for all v ∈ V and λ ∈ k. The polynomial functions on V (1) are the p-th powers of those on V . The identity map V → V (1) is a bijective closed morphism of affine varieties, called the Frobenius morphism. The image of a subset Y ⊆ V under this morphism is denoted by Y (1) . The Frobenius twist of a k-algebra V is defined similarly: the scalar multiplication is modified as above, but the product in V is unchanged. If V has an F p -structure and G k acts on V as algebra automorphisms via a rational representation ρ : G k → GL(V ) defined over F p , then G k also acts on V (1) (as algebra automorphisms) via the rational representation ρ•Fr, where Fr is the Frobenius endomorphism of G k . This action coincides with the one given by composing ρ with the Frobenius endomorphism of GL(V ) associated by the F p -structure of V .
The preceding remark applies in the case where V = S(g k ) and ρ : G k → GL(V ) is the rational G k -action by algebra automorphisms extending the adjoint action of G k . The F p -structure of S(g k ) is given by the canonical isomorphism S(
In [37] , the induced action of G k on (g * k ) (1) is called the the star action. By construction, it has the property that (23) g
It was first observed in [27] that the algebra map η :
One checks easily that η • Ψ =Ψ • η. Also, γ(η(t)) = η(t) for all t ∈ t k , which stems from the fact that ρ(t
3.5. In [37] , Tange introduced a principal open subset Z rs of Z and showed that it is isomorphic to a principal open subset of g * k contained in (g * k ) rs . In order to explain his construction in detail we need a more explicit description of the variety Z.
Recall from Sect. 2 that
is a polynomial algebra in l variables, where ψ 1 , . . . , ψ l are the images in U(g k ) of algebraically independent generators ψ 1 , . . . , ψ l of Z(g) contained in U(g Z ). In view of (21) and properties of γ, this implies that both S(t k ) W • and S(t k ) W are polynomial algebras in l variables. It is worth mentioning that the map in (20) gives rise to a natural isomorphism S(g
see [39] . A geometric interpretation of Veldkamp's theorem is given in [29] . Following [37, 1.6] we let ξ :
* be the morphism induced by η : S(t
k ) * /W be the morphism associated with the composite
where the first isomorphism is induced by Ψ −1 . Let π : (t
α = h α for all α ∈ Φ. Thus, ξ(λ) = 0 in that case. Applying this with λ = ρ, we see that ξ(w • λ) = ξ(w(λ)) = w(ξ(λ)) for all t ∈ t k and w ∈ W . Also,
is independent of the choice of χ ′ s , which follows from the fact that the intersection of (t
k ) * by setting ν(χ) = χ p for all χ ∈ (g * k ) (1) . By [29, Cor. 3] , there is a canonical G kequivariant isomorphism
• where the G k -action on the fibre product is given by from the coadjoint action on the first factor, the morphism t *
* /W is induced by ξ and the morphism
k ) * /W is the composite of ν and ζ.
3.6.
In what follows we identify Z with a closed subset of the affine space (g * k )
(1) × t * k /W • by means of isomorphism (24) . Note that (χ, π • (λ)) ∈ (g * k )
(1) × t * k /W • belongs to Z if and only if there exists w ∈ W such that
(1) via the star action (23) . From the above discussion it follows that this action gives rise to the star action on the Zassenhaus variety Z via:
Following [37, Sect. 2], we now define Z rs := pr
is the first projection. In view of (22) it is straightforward to see that
′ rs which intertwines the star action of G k on Z with the coadjoint action in the following sense:
Since p ≫ 0, we may also assume that the elements ϕ 1 , . . . , ϕ l generate the invariant algebra S(g) g and their images
We are now ready to prove the main result of this section:
Theorem 3.1. If the Gelfand-Kirillov conjecture holds for g, then for all p ≫ 0 the field of rational functions k(g * k ) =Frac S(g k ) is purely transcendental over its subfield
Proof. Suppose the Gelfand-Kirillov conjecture holds for g. Theorem 2.1 then says that it holds for g k for all p ≫ 0. More precisely, it follows from the proof of Theorem 2.1 that D(g k ) is generated as a skew-field by ψ 1 , . . . , ψ l ∈ Z(g k ) and elements w 1 , . . . , w 2N which satisfy relations (1) and (2) (z 1 , . . . , z 2N , ψ 1 , . . . , ψ l ) and the elements z 1 , . . . , z 2N , ψ 1 , . . . , ψ l are algebraically independent; see [3, 1.1.3] for more detail.
On the other hand, it is well known that in the modular case
, where Q p is the field of fractions of Z p (g k ). Since the Q p -vector space Q(g k ) has a basis consisting of monomials in ψ 1 , . . . , ψ l , it is straightforward to see that the field of invariants
is a polynomial algebra and the connected group G k coincides with its derived subgroup, we have that Q
. . , ψ l ). We thus deduce that
is purely transcendental over the field of invariants k(Z) G k = k(ψ 1 , . . . , ψ l ). Recall that in our geometric realisation (24) the ordinary action of G k on Z is given by g · (χ, π • (λ)) = (g · χ, π • (λ)) for all g ∈ G k and all (χ, π • (λ)) ∈ Z. Since in (24) we regard χ as an element of (g * k ) (1) , comparing this with (23) and (25) yields that every orbit with respect to the ordinary action of G k on Z is an orbit of G k with respect to the star action and vice versa. From this it follows that both actions have the same rational invariants.
The comorphism of β −1 : (g * k )
′ rs ∼ −→ Z rs induces a field isomorphism between k(Z) and k(g * k ); we call it b. Combining (26) with the preceding remark one observes that b sends the subfield k(Z)
. . , ϕ l ). This completes the proof.
Remark 3.1. Combining Theorem 3.1 with the Killing isomorphism κ : g k ∼ → g * k we see that for all p ≫ 0 the field of rational functions k(g k ) is purely transcendental over its subfield k(g k ) G k .
4. Purity, generic tori and base change 4.1. We keep the notation introduced in Sections 2 and 3 and assume that char(k) = p ≫ 0. Recall that {x 1 , . . . , x n } = {h α | α ∈ Π} ∪ {e α | α ∈ Φ} is a Chevalley basis of g Z and we identify the x i 's with their images in g k . Write Π = {α 1 , . . . , α l } and let {X 1 , . . . , X l } and {X α | α ∈ Φ} be two sets of independent variables. Set K := Q(X 1 , . . . , X l ) and K := K(X α | α ∈ Φ) and denote by K p an algebraic closure of k(X 1 , . . . , X l ). Write K p := K p (X α | α ∈ Φ) and denote by K p an algebraic closure of K p . To ease notation we shall assume that K is an algebraic closure of K (this will cause no confusion). Given a field F we write g F for the Lie algebra g Z ⊗ Z F over F and denote by G F the simple, simply connected algebraic F -group with Lie algebra g F . Let t := l i=1 X i h α i and x := α∈Φ X α e α . Since the X i 's are algebraically independent, t is a regular semisimple element of • p there exists a unique m = m(h) ∈ m p with t p + m ∈ h, the map µ :
, gives rise to a K p -defined birational isomorphism between T p and m p . The K p -defined birational map µ enables us to identify the field
is a generic point of the K p -variety T p .
4.3.
Recall that ϕ 1 , . . . , ϕ l are free generators of S(g) g contained in S(g Z ) and such that S(g k )
We identify the G k -modules g k and g * k by means the Killing isomorphism κ; see Remark 3.1. Thus, we may regard ϕ 1 , . . . , ϕ l as free generators of the invariant algebra
As p ≫ 0, all fibres of ϕ are irreducible complete intersections of dimension n − l in the affine space g p ; see [39] for more detail. Since y p is regular semisimple, the orbit G p · y p is Zariski closed in g p and dense in Y p . This shows that Y p = G p · y p is a smooth variety and the defining ideal of Y p is generated by the regular functions is the centraliser of y p in G p ).
4.4.
Our next result is inspired by [13, Thm. 4.9] . The argument in [13] exploits the notion of versality of (G, S)-fibrations introduced in [13, Sect. 3] and seems to rely on the characteristic zero hypothesis (see the footnote on p. 20 of [13] ). Our argument is different and it works under very mild assumptions on the characteristic of the base field.
and observe that F gives rise to a k-defined isomorphism between U p and V p .
We have the following commutative diagram, where π 1 is the first projection and β is the canonical map. 
where p 1 and π 1 are the first projections and β is the quotient morphism. All these maps are defined over k ⊂ K p .
(3) Recall from (4.2) that y p identifies with a generic point of T p ∼ = G p /N p in the sense that the fields K p ( y p ) = K p and K p (G p /N p ) are K p -isomorphic. The algebra of K p -defined regular functions of the fibre β −1 ( y p ) is
showing that (28) shows that y p ∈ β((G p /T p )(P )). Conversely, if L is a finite Galois extension of K p such that y p ∈ β((G p /T p )(L)), then (28) yields that
Hence L splits T gen p . Applying this with L = K p (G p /T p ) and taking into account (29) one can observe that L = K p (G p /T p ) is a minimal splitting field for T gen p and Gal(L/ K p ) = W . Indeed, since L W = K p and W acts faithfully on L, the L-algebra L ⊗ L W L is isomorphic to a direct sum of |W | copies of L. Moreover, it follows from the normal basis theorem by comparing W -invariants that if F/ K p is a Galois extension contained in L, then L ⊗ L W F is isomorphic as an F -algebra to a direct sum |W | copies of F if and only if F = L.
By the minimality of the splitting field L, the Galois group of L/ K p acts faithfully on the weight lattice X(T gen p ) giving a natural injective group homomorphism τ : Gal(L/ K p ) → Aut(Φ). Since the group G p is K p -split, the image of Gal(L/ K p ) under τ is contained in W ⊆ Aut(Φ); see [38, 2.3] . As τ is injective, this shows that W = Gal(L/ K p ) acts on X(T gen p ) in the standard way.
4.7.
It what follows we shall assume without loss of generality that our algebraic closure K p of K p = K p (G p /N p ) contains L = K p (G p /T p ). The result below (which is crucial for us) has been proved in [13] under the assumption that the base field has characteristic 0; compare [13, Thm 6.3(b) ]. Although it follows from a more general result obtained in [12] , the proof given in [13] is self-contained modulo [34, Thm. 4 Recall that a free Z-module of finite rank acted upon by a group Γ is called a permutation lattice if it has a Z-basis whose elements are permuted by Γ. is K p -rational, then there exists a short exact sequence of Γ-lattices 0 −→ P 2 −→ P 1 −→ X(T gen p ) −→ 0 with P 1 and P 2 permutation lattices over Γ = Gal(L/ K p ).
